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Surnmary 

The lateral organization of t w o ¢ o m p o n e n t  phosphatidylcholine bilayers has 
been investigated using Monte Carlo calculations based upon non-ideality 
parameters deduced from the phase diagrams of these mixtures. The results are 
used to develo p a quantitative description of the distribution and spatial locali- 
zation of compositional regions along the bilayer plane in both the gel and 
liquid crystalline phases. In particular, a detailed analysis of the physical exten- 
sion (lateral connectivity) and compactness of the compositional clusters is 
made. It is concluded that  the chemical composit ion of the membrane,  the 
physical state of  the bilayer and the interaction energies between molecules 
greatly influence the lateral connectivity and compactness of compositional 
regions and that  these parameters might play an important  role in the forma- 
t ion of  diffusional pathways along the membrane plane. 

I n t ~ d u c t i o n  
! 

the past few years considerable effort has been directed towards investi- 
gating physicochemical properties of  selected mixtures of  lipids in order to ob- 
tain information regarding the organization of  these molecules within the 
bila~er and to establish correlations with selected functional properties of  the 
mefl~brane [1--3]. These studies have demonstrated that  many membrane con- 
stitttents do not  behave ideally and that  lateral phase separation, lateral species 
separation and other types of nonideal phenomena are often associated with 
lipid-lipid and protein-lipid mixtures [4--6]. 

The lateral organization of  molecules within the brayer  is generally thought  
of  ;in terms of  domains or clusters of specific composit ion the average size of  
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which depends on the concentration and the interaction potential between 
molecules of a given type [7--10]. While this cluster representation is intrinsi- 
cally correct it might, however, result in a distorted physical picture of the 
bilayer due to the fact that the distribution of cluster sizes is not homogeneous 
and that, in two dimensions, molecular clusters of a given size can have many 
different shapes and be formed with a different number of bonds or connec- 
tions between molecules. 

In a previous communication [11] we have shown that the phase diagrams of 
lipid mixtures in conjunction with Monte Carlo calculations can be used to 
generate molecular distributions from which the lateral organization of the 
bilayer can be deduced at any composition. In this article those studies are 
extended and the results are used to develop a more complete quantitative 
description of the lateral distribution of molecules in lipid bilayers. This 
description introduces new statistical mechanical variables to describe the 
lateral connectivity of the bilayer, the compactness of the compositional 
clusters and the relation of these parameters with the formation of diffusional 
pathways along the plane of the bilayer. While these Monte Carlo calculations 
are directed to describe the equilibrium organization of the bflayer, they also 
provide important clues regarding microscopic mechanisms of reorganization 
phenomena in lipid bilayers. 

Methods 

The Monte Carlo techniques used in this article have been described in detail 
in a previous communication [11]. In this model of the bilayer, the lipid mole- 
cules are assumed to be hexagonally packed in a triangular lattice and only 
nearest neighbor interactions are considered. A binary lipid system is repre- 
sented by a m X n matrix with periodic boundary conditions, where each 
matrix element Dtj represents a lattice position which can be occupied by a 
lipid molecule of type A or type B. Molecular interactions are introduced by 
proper assignment of the six nearest neighbors of each lipid molecule. 

Computer experiments as a function of the molar composition of the mix- 
ture are performed by a replacement technique. Each experiment is initialized 
with all the lattice positions occupied by lipid molecules of the same type (A 
molecules). Then a second type of lipid molecule, B, progressively replaces A 
molecules until the bilayer contains only B molecules. The relative intrinsic 
probability of a substitution at a given site is determined by the occupancies of 
the nearest neighbor positions of that site and can be expressed in terms of a 
single parameter P. Accordingly, each lattice position Dt,j may assume one of 
the following values: 

Dij -- 0; ff the site is occupied by a B molecule 
Di,# -- ph; if the site is occupied by an A molecule and k nearest neighbors are 

B molecules. 

The parameter P = exp(AEm/RT ) is a Boltzmann exponent proportional to 
LkEm = EA B __1 EA A __I EBB, the excess energy of mixing. If AEm is positive 
the formation of A-B bonds will be difficult and like molecules will have the 
tendency to aggregate; in this case P ~> 1. If, on the other hand, AEm ~ 0 A-B 
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bonds will be energetically preferred over A-A and B-B bonds.  The case for 
which AE m = 0 (P = 1) defines the ideal mixture in which the molecules are 
distributed randomly.  Thus, by  appropriately selecting the value of  P, molec- 
ular distributions as a funct ion of  the composi t ion and neighbor-neighbor inter- 
actions can be  obtained.  

Theory 

Consider a mul t icomponent  lipid bilayer of  N T lipid molecules of  which Nk 
are of  species k. The distribution of  these molecules along the plane of  each 
monolayer  will create clusters or domains of  various composit ions and sizes. A 
molecular cluster of  type  k and size nk Can be formally defined as a collection 
of  n molecules of  type  k linked together  by  nearest-neighbor bonds,  such that 
no k molecule outside the  cluster is joined by  a path of  k-k bonds to  any of  the 
molecules inside the cluster; i.e., two  k molecules belong to the same cluster, if 
and only if they  are connected by  at least one path of  k-k bonds.  Obviously, 
Ark satisfies the relation 

N k = ~ nkM(nk) (1) 
n k  

where M(nk) is the number  of  k clusters of  size n. A straightforward generaliza- 
t ion for the  total  number  of  molecules gives, 

N w = ~ N k = ~ ~ nkM(nk) (2) 
k k n k 

The set o f  numbers  M(nk) defines the cluster distribution function of  the sys- 
tem. For  binary mixtures of  lipids these numbers  can be deduced from Monte 
Carlo calculations based upon  the parameters obtained from the experimental 
phase diagrams of  these mixtures [11] .  Typical cluster distributions for the gel 
and liquid crystalline phases of  dimyristoyl-distearoyl phosphatidylcholine are 
schematically shown in Fig. 1. In this figure, the  number  of  dimyristoyl  phos,  
phatidylcholine lipid molecules in clusters of  size n in a 70 X 70 lipid mono- 
layer has been plot ted as a funct ion of  the cluster size for various dimyristoyl  
phosphatidylcholine mole fractions. This lipid mixture was chosen because it 
behaves almost ideally in the liquid crystalline phase bu t  shows significant 
amounts  of  lateral species separation in the gel phase. Previously [11] we have 
calculated P as 1.35 'for the liquid crystalline phase and P as' 3.0 for the gel 
phase of  dimyristoyl-distearoyl phosphatidylcholine.  

Several features can be deduced from the distributions shown in Fig. 1. At 
low concentrat ions (XDMeC = 0.2) most  of  the  lipid molecules exist either in 
the monomeric  state or form very small clusters. As the concentrat ion increases 
(XDMPC = 0.4), clusters of  larger sizes begin to appear; the greater the value of  
P, the larger the number  of  molecules populating these clusters. It must  be 
noted that  none of  these clusters contains a significant fraction of  the  total  
number  of  molecules; as shown in the figure, this concentrat ion region is 
chacterized by  the presence of  a relatively large number  of  clusters o f  medium 
size. At XDMpC = 0.5 a drastic change in the  distribution pat tern occurs.  This 
change is characterized by  a very rapid increase in the fraction of  lipids popu- 
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Fig. 1. Typica l  d u s t e r  d is tr ibut ion for  d imyr i s toy l  phosphat idy lcho l ine  (DMPC) in d imyr i s toy l -d i s tearoy l  
phosphat idy l cho l ine  (DMPC-DSPC) mixtures  o f  various  c o m p o s i t i o n s .  S h o w n  are the  fract ions  o f  
d i m y r l s t o y l  p h o s p h a t i d y l c h o l i n e  m o l e c u l e s  in  clusters o f  s ize n as a f u n c t i o n  o f  In(n) in the  gel and l iquid 
c ~ s t ~ l l l n e  phases .  

lating the largest cluster and is more dramatic for the liquid crystalline (P = 
1.35) than for the gel phase (P = 3.0). The concentration at which this pheno- 
menon occurs defines the percolation point [12]  which for a triangular lattice 
and P equal to 1 is exactly 0.5. At the critical percolation concentration the 
probability that all molecules belong to the same cluster and the probability 
that any two points are connected by a path o f  nearest neighbor bonds are 
finite. This behavior is dramatically illustrated in Fig. 2, where the fraction of  
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Fig. 2. ]~metion of d i m ~ y l  phosphatidyIeholine (DMPC) molecules in the largest dimyr l~oy l  phos- 
pha t idy l cho l ine  cluster as a func t ion  of  the m o l e  fract ion of  dimyz~stoyl  phosphat idy l cho l ine  for  
d imyris toy l -d i s teaxoyl  phosphat idy l cho l ine  (DMPC-DSPC) in the  gel and l iquid czystal l ine phases .  
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TABLE I 

LATERAL DISTRIBUTION PARAMETERS FOR DIMYRISTOYL-DISTEAROYL PHOSPHATIDYL- 
CHOLINE IN THE GEL AND LIQUID CRYSTALLINE PHASES 

XDMPC.DMPC 0 fraction of DMPC-DMPC contacts. <IDMPC >,  average cluster size. ADMPC, coefficient 
of compactness. ~DMPC, correlation length. ~C,DMPC, connectedness length. 

XDMPC XDMPC-DMPC "~IDMPC ~> kDMPC ~DMPC ~C,DMPC 

Gel Liquid Gel Liquid Gel Liquid Gel Liquid Gel Liquid 
Crystal. Crystal. Crystal. Crystal. Crystal. 

0.2 0.49 0.25 5.1 2.5 0.60 0.20 1.4 1.2 3.8 2.2 
0.4 0.70 0.48 18.7 10.6 0.71 0.32 1.9 1.4 6.8 7.3 
0.5 0.77 0.57 39.3 29.8 0.75 0.38 2.6 1.7 12.7 19.9 

molecules in the largest dimyristoyl  phosphatidylcholine cluster has been 
plotted as a funct ion of  the molar composit ion of  the mixture.  

As shown in Fig. 1, the size of  the  largest cluster, at XDMPC = 0.5, is greater 
for the  liquid crystalline than for the gel phase, even though the number  of  
dimyristoyl-distearoyl phosphatidylcholine contacts is larger in the gel phase. 
This behavior, which is summarized in Table I, is a consequence of the fact that  
clusters of  a given size can be formed with different number  of  bonds. In the 
gel phase, compositional clusters of  a given size are, on the  average, formed 
with a larger number  of  internal bonds than in the  liquid crystalline phase; 
therefore,  these clusters are more compact  and have a smaller perimeter/surface 
ratio. In the liquid crystalline phase the  compositional clusters are more  rami- 
fied and therefore they  extend over longer distances than in the  gel phase. 
These differences in the compactness and connectivity properties of  the com- 
positional clusters and the changes in the  correlation length are the most  impor- 
tant  differences in the  equilibrium lateral distribution of  molecules in the  ge 1 
and liquid crystalline phases of  phosphatidylcholine mixtures. 

Cyclomatic number 
The degree of  compactness or ramification of  a cluster can be studied by 

considering the relations between the number  of  like nearest-neighbor bonds 
(nkk) and the number  of  molecules forming a cluster. These relations have been 
theoretically studied within the context  of  graph theory  and can be expressed 
in terms of  the cyclomatic number  C(nk, nkk) of  a cluster of  size nk • C(nk, nkk) 
is defined by the equation [13] 

C ( n k ,  n k k )  = n k k  - -  n k  + 1 ( 3 )  

and is equal to zero for a linear or completely ramified cluster and equal to one 
for a simply polygon. The coefficient of  compactness of  a cluster, k, is defined 
as [131 

)k - C(nk' nkk) (4) 
C(nk, max) 

where C(nk, max) is the cyclomatic number of the most compact configuration 
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Fig. 4.  Average coef f i c ient  o f  compac tnes s ,  k,  as  a f u n c t i o n  of  the B o l t z m a n n  e x p o n e n t ,  P,  for  an  equi -  
m o l a r  m i x t u r e .  

of a cluster of  size n k. This quant i ty  is equal to zero for a completely ramified 
cluster and equal to one for the most compact  cluster. These concepts are illus- 
t rated in Fig. 3 for a cluster of  seven molecules. On a triangular lattice with 
nk > 6 the cyclomatic number  of  the most  compact  cluster can be approxi- 
mated by the formula (see Appendix): 

C(nk, max) = 2 ( n  k - -  1) -- 3[(1 + ~ ( n  k - -  1)) I/2 -- I ]  (5) 

The above expression is exact for n k = 1 + 3b(b + 1) [b = 1, 2, 3, ...] so that  no 
systematic deviations are observed in any size range. 

In Fig. 4 the average coefficient of  compactness X has been plotted as a func- 
t ion of  the Boltzmann factor, P, for an equimolar mixture (XB = XA = 0.5). As 
can be deduced from the figure, X is a very sensitive function of  P within the 
range 1 < P ~< 5, which is precisely the range where most P values for phos- 
phatidylcholines are found [11]. As noted before, the mean cluster size is, 
within this P range, a very insensitive function of  P, however, the compactness 
of  the clusters changes drastically. For the liquid crystalline phase of  
dimyristoyl-distearoyl phosphatidylcholine we estimate X = 0.38 at XDMPC = 
0.5, whereas for the gel phase X = 0.75; i.e. in the gel phase the compositional 
clusters are about  twice as compact  as in the liquid crystalline phase. 

In general, equimolar mixtures of  lipids with P ~ 1 are characterized by the 
presence of  a large number  of  small clusters and a single, very ramified per- 
colating cluster which contains most of  the lipid molecules and extends over 
most of  the bilayer. As discussed before, an increase in the value of  P will 
increase the number of  contacts between like molecules, creating a larger num- 
ber of  clusters of  intermediate size with a higher degree of  compactness. This 
process is achieved by joining small clusters into larger clusters and by breaking 
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the highly ramified percolating cluster into smaller but more compact clusters. 
For a small increase of P the number of clusters remains about the same and 
therefore the average cluster size does not change appreciably. This situation 
characterizes the liquid crystalline to gel transformation of equimolar mixtures 
of phosphatidylcholines. 

As summarized in Table I, the coefficient of compactness is an increasing 
function of the molar composition of the mixtures. For a given value of P the 
compactness of the compositional clusters is smaller at low molecular densities 
and increases steadily until reaching its final value of unity for the pure system. 
As shown in Fig. 5 the dependence of k on the composition is also a function 
of P. In this figure, the average coefficient of compactness of dimyristoyl phos- 
phatidylcholine clusters in the gel and liquid crystalline phases of dimyristoyl- 
distearoyl phosphatidylcholine has been plotted as a function of XDMPC. This 
graph allows calculation of compactness changes accompanying the gel-liquid 
crystalline transition at any dimyristoyl phosphatidylcholine mole fraction. 

Pair correlation and pair connectedness functions 
At fixed molecular compositions, changes in the compactness or ramifica- 

tion of the compositional clusters will greatly influence the physical extension 
of the compositional regions along the plane of the bflayer. In this respect, 
the existence of a highly ramified percolating cluster insures that most of the 
membrane surface will be covered by a network of nearest-neighbor bonds 
between like molecules. Conversely, the presence of highly compact clusters 
will define regions of very specific composition resembling compositional 
islands within the bilalyer lattice. Thus, changes in cluster compactness are 
intimately related to changes in the lateral connectivity of compositional 
regions. 

These properties of the bilayer can be studied in terms of the pair correla- 
tion and pair connectedness functions. The pair correlation function, gk,k(d), 
is defined by the equation [11] 

P k . k ( d )  = X ~ g k , k ( d )  ( 6 )  
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and is related to the probability Pk,k(d) that two molecules at distance, d, are k 
molecules, gk.k(d) is equal to one for a random mixture and greater than one 
for an attractive potential. The pair connectedness function Ck,k(d ) is equal to 
the probability that two k molecules separated by a distance d belong to the 
same cluster (i.e. the probability that two k molecules at a distance d are con- 
nected by a path o f  k-k bonds). Thus, Ck,k(d) measures the physical extension 
of  the compositional clusters. Ck,k(d ) can be written in terms of  Eqn. 6 as: 

Pk,k(d) = X ~ g k . k ( d  ) [Ck,k(d) + Dk,k(d)] (7) 

where Ck,k(d ) + Dk,k(d ) = 1. Dk,k(d ) is called a blocking function [14] and is, 
by definition, equal to the probability that two k molecules at a distance d are 
not connected by a path o f  k-k bonds. The correlation length, }k, and the 
connectedness length }e,k are defined by the equations [ 11,14,15 ] 

d 2 ( g k , k ( d )  - 1) 
= (8) 

E (gk.k(d) - -  1) d 

E d2Ck,k(d) 
d 

~2'k = E Ck.k(d) 
d 

(9) 

and can be calculated by counting directly the total number o f  like molecules 
separated by a distance d, and the number o f  these molecules that belong to 
the same cluster. The pair correlation function and the correlation length for 
dimyristoyl phosphatidylcholine in the gel and liquid crystalline phases of  
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Fig.  6 .  Pair c o n n e e t e d n e a s  f u n c t i o n  C k k ( d )  as a f u n c t i o n  o f  the  separat ion  d i s ta nce ,  d ,  ( in  n u m b e z  o f  
m o l e c u l e s )  for  d i m y z i s t o y l - d i s t e a r o y l  p h o s p h a t i d y l c h o l i n e  ( D M P C - D S P C )  in the  ge l  and  l iquid crysta l l ine  
phases .  T he  d i m y r l s t o y l  p h o s p h a t i d y l c h o l i n e  ( D M P C )  m o l e  fract ions  are a, 0 .4 ;  b,  0 . 4 5 ;  c ,  0 .5 ;  d,  0 . 5 5  and 
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dimyristoyl-distearoyl phosphatidylcholine mixtures of various molar composi- 
tions have been analyzed in a previous communication [11]. The pair correla- 
tion function has a pronounced maximum at the nearest neighbor separation 
distance and decays asymptotically to 1 as the separation between molecules 
increases. For a random mixture, in which each molecule behaves indepen- 
dently of the others, the pair correlation function is equal to 1 at any distance. 
Thus, the correlation length defines the effective ditance over which a molecule 
influences the behavior of another molecule and as such it measures the magni- 
tude of the cooperative interactions. 

The pair connectedness function, as opposed to the pair correlation func- 
tion, measures the physical extension of the compositional clusters. As shown 
in fig. 6, at low dimyristoyl phosphatidylcholine mole fractions Ck,k(d) decays 
asymptotically to zero with distance; however, at some critical dimyristoyl 
phosphatidylcholine mole fraction the pair connectedness function no longer 
decays to zero but to some finite positive value. This critical mole fraction 
coincides with the percolation point and is characterized by the fact that most 
of the dimyristoyl phosphatidylcholine molecules are connected by a network 
of nearest neighbor bonds which extends over the entire bilayer. As illustrated 
in the figure, the critical percolation point occurs at a lower dimyristoyl phos- 
phatidylcholine mole fraction in the liquid crystalline phase. 

In Fig. 7 the correlation length and the connectedness length have been 
plotted as a function of XDMPC for the gel and liquid crystalline phases of 
dimyristoyl-distearoyl phosphatidylcholine. As can be observed in the figure, 
the connectedness length is always greater than the correlation length, in agree- 
ment with recent theoretical results by Coniglio et al. [14,16]. At low dimyris- 
toyl phosphatidylclloline mole fractions the connectedness length is larger in the 
gel than in the liquid crystalline phase; however, this behavior is reversed at 
higher concentrations. At the critical percolation point, the conneetedness 
length diverges, indicating that most of the dimyristoyl phosphatidylcholine 
molecules belong to a single percolating cluster which extends over the entire 
bilayer surface. At this point the lateral connectivity of the bilayer is also 
maximal. 
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Discussion 

Recently, several attempts have been made to characterize the lateral 
distribution of molecules in binary mixtures of lipids and single component 
bilayers undergoing a phase transition. Those studies have primarily focused on 
the calculation of phase boundaries and average cluster sizes under different 
physicochemical conditions [7--11,17]. While the cluster model appears to be 
an adequate representation of the bilayer, the specification of only two param- 
eters is not sufficient for a complete characterization of the system. The 
inadequacy of the average cluster size to provide by itself an accurate repre- 
sentation of the bilayer can be demonstrated by examining the cluster distribu- 
tion function. The character of this distribution is such that the most probable 
cluster size is not equal to the arithmetic mean and as such this latter quantity 
is not representative of the 'average cluster'. As we have shown, it is possible to 
induce relatively large changes in the organization of the bilayer without 
affecting the average cluster size. 

The lateral distribution of molecules in a lipid bilayer is dictated by the 
energetics of the interactions between components. The magnitude of these 
interactions, which can be expressed in terms of the excess energy of mixing, 
AEm, or the Boltzmann exponent P = e x p ( A E m / k T ) ,  will determine the total 
number of like and unlike contacts between molecules. This excess energy of 
mixing can be affected by changes in the physical state of the bilayer and/or 
changes in external physicochemical variables, thus triggering lateral reorganiza- 
tion processes within the membrane. 

Since each lipid molecule has on the average six nearest neighbors, the sys- 
tem will respond to a change in AE m by changing the number of bonds with 
which clusters of a given size are formed and by changing the total number of 
clusters. The first of these processes leaves the number of clusters invariant and 
therefore does not affect the average cluster size. The second process will 
increase or decrease the average cluster size depending on the sign of the change 
in AEra. The overall characteristics of the lateral reorganization will depend on 
the balance between these two processes. Small changes in AEm (1 ~< P ~< 5), 
like those associated with the phase transitions of phosphatidylcholine mix- 
tures, will affect primarily the compactness of the compositional clusters and 
the shape of the cluster distribution without a major effect on the average 
cluster size. 

Changes in the number of bonds with which clusters of a given size are 
formed will affect the physical extension of the compositional domains within 
the bilayer. In general, highly compact clusters will be constrained to small 
regions of the bilayer whereas highly ramified clusters will extend over longer 
distances. As shown in Figs. 2 and 7, there is a critical molar composition at 
which the connectedness length diverges and a network of like molecules con- 
nected by nearest-neighbor bonds covers the entire bilayer. This percolation 
process occurs very abruptly over a very narrow composition range and is 
influenced by the magnitude of AE~. 

Previously, different transport processes in biological membranes have been 
associated with parameters describing the lateral distribution of molecules 
within the bilayer. In particular, permeability processes across the membrane 
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have been associated with phase boundaries and local density fluctuations. 
These quantities are maximal at the phase transition or under  conditions of  
phase separation and as such they  have been correlated with the enhanced 
bilayer permeability observed at the transition temperature.  This enhanced 
permeabili ty,  however,  might not  be the only process affected by the organiza- 
t ion of  the bilayer. Recently,  Galla et al. [18] have suggested that  the spread of 
solute molecules within the plane of  the bilayer via lateral diffusion will also be 
affected by the lateral organization of  the membrane.  For example, it is con- 
ceivable that  the efficiency with which a solute molecule is spread throughout  
the membrane  will be maximal at the percolation point of  the lipid component  
in which the solute molecule has a maximal solubility. A highly ramified net- 
work of  lipid molecules will be much more effective in distributing a solute 
molecule over the entire membrane than highly compact  domains localized to 
smaller regions of  the membrane.  

These studies consti tute an initial a t tempt  to develop a unified theory  of  the 
lateral organization of  the membrane in terms of  the size distribution and 
spatial localization of  compositional domains. As we have shown for the case of  
phosphatidylcholine mixtures, this characterization can be achieved by defining 
the cluster distribution function,  the coefficient of  compactness and the pair 
correlation and pair connectedness functions. For binary mixtures these 
quantities can be estimated from phase diagrams or the composit ion depen- 
dence of  other  physicochemical parameters (Snyder, B. and Freire, E., unpub- 
lished data). More complex systems can also be analyzed with this formalism. 
Recently,  Pearson et al. [19] have demonstrated that  the radial distribution 
function for intramembranous particles in red blood cells can be evaluated 
from freeze-fracture electron micrographs. This type of  analysis is similar to the 
one developed here and provides the basis for a rigorous characterization of  the 
organization of  biological membranes.  

Appendix 

The most  compact  configuration o f  a cluster. The most compact  configura- 
t ion of  a cluster of  nk molecules of  type  k in a triangular lattice is an hexagon. 
This configuration can only be achieved when nk satisfy the relation nk = 1 + 
3b(b + 1), [b = 1, 2, 3, ...], from which it follows that  the smallest hexagon can 
be formed with seven molecules (see Fig. 3). For this hexagonal configuration, 
nk and the number  of  molecules at the boundary of  the cluster, nbound, are 
related by the equation: 

n b o u n d  = 3 [ ( 1  + 4 ( n k  - -  1 ) )  I n  - -  1 ]  

Similarily, the number  of  bonds between like molecules, nkk, is equal to: 

n k k  = 3 n  k - -  ~ n k y  

where nky is the number  of  bonds between unlike molecules and is equal to 

n k y  = 6 + 2 n b o u n  d 
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It follows that the cyclomatic number of the most compact configuration is: 

C ( n k , m a x )  = n k k  - -  n k + 1 

= 2(nk--  1 ) - -  3[(1 + ~(nk-- 1)) 1/2 -- 1] 

which is the equation used in the text. 

Acknowledgements 

This work was supported by grants from the National Institutes of Health 
(GM-27244 and GM-26894). 

References 

1 Lee, A.G. (1977) Biochim. Biophys. Acta 472,285--344 
2 Van Dijck, P.W.M., de Kruijff, B., Verkleij, A J . ,  van Deenen, L.L.M. and de Gier, J. (1978) Bioehim. 

Biophys. Aeta 512, 84--96 
3 Marsh, D., Watts, A. and Knowles, P. (1976) Biochemistry 15, 3570--3578 
4 Mabrey, S. and Sturtevant, J.M. (1976) Proc. Natl. Acad. Sci. U.S.A. 73, 3862--3866 
5 Gerritsen, WJ. ,  Verkleif, A J .  and van Deenen, LL.M. (1979) Biochim. Biophys. Acta 555, 26--41 
6 Wallace, B. and Engehnan, D. (1976) Biochim. Biophys. Acta 508,431--449 
7 Marsh, D., Watts, A. and Knowles, P.F. (1977) Blochim. Btophys. Aeta 465,500--514 
8 Tsong, T.Y., Greenberg, M. and Kanehisa, MJ.  (1977) Biochemistry 16, 3115--3121 
9 Kanehisa, MJ.  and Tsong, T.Y. (1978) J. Am. Chem. Soc. 100,424--432 

10 Freire, E. and Blltonen, R. (1978) Biochim. Biophys. Acta 514, 54--68 
11 Freize, E. and Snyder, B. (1980) Biochemistry 19, 88--94 
12 Essam, J.W. (1972) in Phase Transitions and Critical Phenomena (Domb, C. and Green, M.S., eds.), 

VoL 2, pp. 197--270, Academic Press, New York 
13 Domb, C. and Stoll, E. (1977) J. Phys. A: Math. Nucl. Gen. 10, 1141--1149 
14 Coniglio, A., de AngeUs, V. and Forlani, A. (1977) J. Phys. A: Math. Nucl. Gen. 10, 1123--1139 
15 Fisher, M.E. and Burford, R J .  (1967) Phys. Rev. 156,583--622 
16 Coniglio, A. and Russo, L. (1979) J. Phys. A: Math. Nucl. Gen. 12,545--550 
17 Von Dreele, P.H. (1978) Biochemistry 17, 3939--3943 
18 Galla, H J . ,  Hartmann, W., Theflen, U. and Sackmann, E. (1979) J. Membrane Biol. 48,215--236 
19 Pearson, R.P., Hui, S.W. and Stewart, T.P. (1979) Biochim. Biophys. Aeta 557,265--282 


